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Abstract 

   Optical intersubband transitions (ISTs) for both in-plane polarization (TE) and normal-
to-plane polarization (TM) in p-type Si1-xGex/Si multiple quantum wells (MQWs) are 
investigated using 14-band k⋅p model combined with the envelope-function Fourier 
expansion method. The results show that the amplitudes of different intersubband transitions 
for TE and TM polarizations, and the overall absorption vary regularly with the well width as 
it affects the distribution of bound and continuum excited states directly, and TE mode 
absorption dominates in all the QWs studied. This work provides useful information for 
design and analysis of Si1-xGex/Si quantum well infrared photodetectors (QWIPs). 
 

1. Introduction 

         Quantum well infrared photodetectors (QWIPs) are an important technology for infrared 
imaging and sensing, offering the advantages of mature material growth technology, good 
uniformity, high quantum efficiency and high detectivity.1-3 The n-type QWIPs which are 
most widely studied require coupling gratings to change the incident light direction due to 
their inability to absorb normal incident light. As an alternative approach, p-type QWIPs 
allow detection of normal incident light due to the intermixing of heavy-hole (HH), light-hole 
(LH) and spin-orbit splitting (SO) bands.4-6 The p-type Si1-xGex/Si QWIPs are attractive since 
they are compatible to the current Si microelectronics techniques, and can be monolithically 
integrated to fabricate large detector arrays with a CMOS readout circuitry.7-11 Over the 
recent years there have been some experimental reports on normal-incidence photodetection 
in mid-wavelength (3-5 μm) and long-wavelength (8-14 μm) infrared atmosphere windows by 
intervalence-subband transitions of Si1-xGex/Si quantum wells (QWs).7-11 Some theoretical 
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work has also been done to study the underlying physics and calculate the dispersion of 
valance subbands of Si1-xGex/Si QWIPs, such as pseudopotential mehod and 6-band k⋅p 
method that consider the coupling of HH, LH and SO into account.12,13  Furthermore, Ridene 
et al. have investigated the infrared intersubband transitions (ISTs) in SiGe/Si QWs using 14-
band k⋅p Hamiltonian that takes both the p-like first conduction and the s-like second 
conduction band into consideration and compare the results with those using 8-band and 12-
band k⋅p Hamiltonians, showing that the p-p interaction favors the transition for in-plane 
(TE) polarized light.14 In this article, we employ 14-band k⋅p model combined with the 
envelope-function Fourier expansion method to further analyze the variation of ISTs for TE 
(in-plane) and TM (normal-to-plane) polarizations with well width which affects the 
dispersion of valence subbands directly and in turn the characteristics of both TE and TM 
polarized ISTs.   

 

2. Methods  

 
      The 14-band k⋅p Hamiltonian is given by  
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where the matrix pcH  consists of the elements of the six p-like conduction band states, the 
matrix pvsH ,  consists of the elements of the two s-like conduction band states and the six p-
like valence band states, pvspcH ,−  consists of the elements coupling the p-like conduction 

bands with the s-like conduction bands and p-like valence bands, and ∗
− pvspcH ,  at the down 

triangular block consists of the corresponding conjugation elements of pvspcH ,− . The details of 

pcH , pvsH ,  and pvspcH ,−  are listed in APPENDIX A. The strain Hamiltonian sH can be 
derived by the following substitution because of the same underlying symmetry: vaA → , 

bB → , dD → , αββα ε→kk  ( zyx ,,, =βα ), and camk ↔0
22 2/h  for conduction band, 

where αβε  is the strain tensor, b and d are the shear deformation potentials, av is the 
hydrostatic valence-band deformation potential, and ac is the conduction-band deformation 
potential. 
         In the 14-band scheme, the total wave function of the subband n in QW can be written 
as 
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where )(rFj  are the envelope functions and )(ru j  are the periodic part of the Bloch basis 
functions at the zone center. The Bloch functions )(ru j  we used are listed below 
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    ( ) ↑+−== ccHE iYXiu 2/1,1 αφ , 

    ( ) ↓+−↑== cccLE iYXiZiu 6/13/2,2 αφ , 

    ( ) ↑−+↓== cccLE iYXiZiu 6/13/2,3 βφ , 

    ( ) ↓−== ccHE iYXiu 2/1,4 βφ , 

    ( ) ↓++↑== cccSOE iYXiZiu 3/13/1,5 αφ , 

    ( ) ↑−+↓−== cccSOE iYXiZiu 3/13/1,6 βφ ,   

    ↑== Su C αφ ,7 , 

    ↓== Su C βφ ,8 , 

    ( ) ↑+−== vvHH iYXiu 2/1,9 αφ , 

    ( )↓+−↑== vvvLH iYXiZiu 6/13/2,10 αφ , 

    ( )↑−+↓== vvvLH iYXiZiu 6/13/2,11 βφ , 

    ( )↓−== vvHH iYXiu 2/1,12 βφ , 

    ( )↓++↑== vvvSOH iYXiZiu 3/13/1,13 αφ , 

    ( ) ↑−+↓−== vvvSOH iYXiZiu 3/13/1,14 βφ ,                                              (3) 

 
where S  indicates the s-like conduction band Bloch state, cX , cY  and cZ indicate the 

p-like conduction band Bloch states, and X , Y  and Z  indicate the p-like valence band 
Bloch states. HH (heavy hole), LH (light hole) and SOH (spin-orbit splitting) denote the three 
states of the p-like valence band, respectively. HE (heavy electron), LE (light electron) and 
SOE (spin-orbit splitting) denote the three states of the p-like conduction band, respectively. 
C denotes the s-like conduction band state.  
         The three momentum matrix elements are defined as 
 

              vzvyvx ZpSiYpSiXpSiP ===0 ,                                                        (4) 

              czcycx ZpSiYpSiXpSiP ===1 ,                                                          (5) 

          
cxvcyvczv
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where P0 is the coupling of s-like conduction band and p-like valence band, P1 is the coupling 
of p-like conduction band and s-like conduction band, and Q is the coupling of p-like 
conduction band and p-like valence band. 
         The envelope-function Fourier expansion method 15-17 in QWs was employed here. The 
expansion takes the form of 
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m is an integral denoting the order of related expansion term, BW LLL +=  is the structural 
period of QWs, where WL  and BL  are the well and barrier widths, respectively. This discrete 
Fourier series assumes that the overall structure is periodic with period L along the growth 
direction. In the case of multiple quantum wells (MQWs) which are employed in QWIPs and 
quantum cascade lasers (QCLs) mostly, this is exactly what’s wanted.  
         Each subband calculated in the QWs consists of the components of all the 14 bands 
actually. The following probability functions are introduced to decide the HH, LH, SOH, C, 
HE, LE, and SOE components in the QW energy states: 
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where n denotes the QW subband index. These probability functions are particularly useful in 
identifying the dominant character in a particular subband. Note that the following sum rule 
should hold: 
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The momentum matrix element between subband n and n’ is  
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where )1( 222 =++++= zyxzzyyxx eeee νννννν) is the photon polarization unit vector.  
         Substituting (7) into (11), one can obtain 
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Since jjjj uu ′′ = δ and mmmm zz ′′ = δφφ )()( , Eq. (12) becomes 
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where the first term on the right of Eq. (13) is the transitions within the same Bloch basis 
states (intraband contribution), and the second term on the right of Eq. (13) is the transitions 
between S  and v  ( v = X , Y  or Z ) states (interband contribution). 
         After deriving nnM ′ , the absorption coefficient between subband n and n’ can then be 
calculated by 18 
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 where nf  and nf ′  are the Fermi-Dirac distributions for electrons in the subbands, kt is the in-
plane wave vector. In calculations the scattering relaxation should be taken into consideration 
and therefore the delta function in Eq. (14) should be replaced by a Lorentzian function with 
linewidth Γ as follows 
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3. Results and discussions 

       
           We choose Si0.75Ge0.25/Si MQW structures in the calculation as they can detect long 
wavelength infrared. A heavy-hole valence band offset of xEV 840=Δ  meV has been 
assumed.19 The basic material parameters of Si and Ge are taken from Ref. 20. The in-plane 
strains are assumed to be 00 /)( aaaexx −= , where a  and 0a  are the after-strained and before-
strained lattice constants, respectively. The strain at the perpendicular direction 
is ( ) xxzz ecce 1112 /2−= , where 11c  and 12c  is the elastic stiffness constants.  
         Figure 1 shows the calculated valence subband energy dispersions along [110] direction 
for the QW with different well widths ( WL ). The lowest four hole subbands (H1-H4) are 
displayed in the figures. The barrier width is assumed to be 50 nm. It can be seen that all the 
subbands move upwards gradually with the increase of well width. The strong nonparabolic 
energy dispersion of each subband indicates serious band intermixing.                
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Fig. 1: Valence Subband energy dispersions along [110] direction of Si0.75Ge0.25/Si MQWs with well widths of 

(a) 
2nm, (b) 4 nm, (c) 6 nm and (d) 8 nm, respectively. The Si barrier width is assumed to be 50 nm. 

 
         The distribution of HH, LH and SO components in the four valence subbands as a 
function of tk  calculated using Eq. (9) for the Si0.75Ge0.25/Si MQW with well width of 4 nm is 
shown in Fig. 2 to account for the intermixing effect. It is seen that the dominant components 
at the zone center ( 0=tk ) are HH, LH, HH and HH for subbands H1-H4, respectively. 
However, strong intermixing appears when 0≠tk  and so each subband consists of 
comparable components of HH, LH and SO bands.  
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Fig. 2: Calculated compositions of HH, LH and SO in the lowest four valence subbands, H1, H2, H3 and H4, as 

a 
function of tk  for the Si0.75Ge0.25/Si MQW with a well width of 4 nm. 

 
          
         Figures 3 and 4 show the calculated squared optical transition matrix elements )(TMTEQ  
as a function of the in-plane wave vector for both TE and TM polarizations for the SiGe/Si 
MQW with well widths of 4 nm and 8 nm, respectively. Note that the relation between 

)(TMTEQ  and the momentum matrix element )(TMTEM  is 0

2
/2

)()(
mMQ

TMTETMTE
= . It can be seen 

that in the case of 4 nm well width, H1-H2 transition is dominant in the TE polarized ISTs, 
and H1-H2 and H1-H3 transitions are dominant in the TM polarized ISTs. The calculated 
result for 2 nm well width shows similar pattern except only H1-H2 transition is dominant in 
the TM polarized ISTs. However, when the well width increases to 6 nm and 8 nm, H1 to H2, 
H3 and H4 transitions have comparable amplitudes for both TE and TM polarized ISTs.  
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Fig. 3: Calculated squared optical transition matrix elements as a function of tk  along [110] direction of H1 to  
H2-H4 transitions for (a) TE polarization (QTE) and (b) TM polarization (QTM) for the Si0.75Ge0.25/Si MQWs with 

a 
well width of 4 nm. 
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Fig. 4: Calculated squared optical transition matrix elements as a function of tk  of H1 to H2-H4 transitions for 

(a) TE polarization (QTE) and (b) TM polarization (QTM) for the Si0.75Ge0.25/Si MQWs with well width of 8 
nm. 

 
 

         Furthermore, the optical absorption coefficients as a function of photon energy for the 
QW with different well widths are computed and the results for both TE and TM polarizations 
are shown in Fig. 5. The linewidth Γ in the Lorentzian function Eq. (15) is assumed to be 18 
meV in the calculation.16 The calculated absorption coefficient has been normalized to one 
QW period. In the case of 2nm well width, either TE or TM absorption curve shows only one 
peak that comes from H1-H2 transition mainly while the other transitions are negligible. In 
the case of 4 nm well width, the TE absorption peak at 62.2 meV is due to H1-H2 transition, 
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and the TM absorption peaks at 66.6 and 137.2 meV are due to H1-H2 and H1-H3 transitions, 
respectively. When the well width increases to 6 nm, three peaks appear in both TE and TM 
absorption curves. The TE absorption peaks at 60.9, 98.9 and 151.2 meV are from H1 to H2, 
H3 and H4 transitions, respectively. The TM absorption peaks at 65.0, 94.7 and 137.7 meV 
are from H1 to H2, H3 and H4 transitions, respectively. When the well width increases further 
to 8 nm, the TE and TM absorption curves show similar patterns. It is clearly seen that 
although both TE and TM absorptions exist in the QW with 4 different well width, the TE 
absorption, however, dominate in all cases. 
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Fig. 5: Calculated optical absorption coefficients as a function of photon energy for the Si0.75Ge0.25/Si with well 
 widths of (a) 2 nm, (b) 4 nm, (c) 6 nm and (d) 8 nm, respectively. The solid lines show the absorption for TE  
polarization and the dash lines show the absorption for TM polarization. 
 
 
          
         It’s indicated that the ISTs in the valence band are always dominated by the transitions 
from the ground state to lower bound excited states. In the case of narrower wells only H1 
and H2 are fairly bound states, so H1-H2 absorption is much greater than the others. In the 
case of broader wells where H3 and H4 become fairly bound states, H1-H3 and H1-H4 
absorptions become comparable to H1-H2 absorption. However, there is no apparent 
selectivity appearing in different bound-bound state transitions for either TE or TM 
polarizations, because of the strong intermixing of HH, LH and SO in each valence subband 
as shown in Fig.2. 

    As far as the wavelength is concerned, the QW with 2 nm and 4 nm well widths, the 
absorption peaks at about 25 μm and 20 μm, respectively. For the QW with a 6 nm well, there 
are two significant absorption peaks at about 20 μ and 9 μm, respectively, which can be used 
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as two color detectors. For the QW with a well of 8 nm, although it shows 3 absorption peaks 
at about 20 μm, 16 μm and 10 μm respectively, the QW can be a better detector for a wide 
spectrum band. 
 

4. CONCLUSIONS 
 

         In conclusion, we have used 14-band k⋅p model combined with the envelope-function 
Fourier expansion method to analyze the dependence of ISTs in p-type Si1-xGex/Si MQWs on 
the well width. It’s found that the transitions from the ground state H1 to the lower bound 
states are dominating for both TE and TM polarized absorptions and TE absorption dominates 
in all the QWs studied. Consequently, the amplitudes of different intersubband transitions, 
and therefore the overall absorption, would vary with well width which affects the 
distribution of bound and continuum excited states directly. With this method, one can easily 
design detectors with required peak wavelength and linewidth.  

 
Appendix A: H pc, H s,pv and H pc-s,pv 

 

The elements of H pc, H s,pv and H pc-s,pv in the 14-band k⋅p Hamiltonian H (Eq. 6) are given 
by 
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where 

2/)( yx ikkk +=+ , 2/)( yx ikkk −=− ,                                                                                         
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( ) 000 / Pmp ⋅= h , ( ) 101 / Pmp ⋅= h  and ( ) Qmq ⋅= 0/h .                                               (A4) 
 

where 1γ , 2γ , 3γ , 1cγ , 2cγ  and 3cγ  are the modified Luttinger parameters of the p-like 
valence and conduction bands. The down triangular block in matrices (A1) and (A3) are not 
shown since they are Hermitian. 
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